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ABSTRACT. The analysis of reinforced concrete structures can be performed 
by means of experiments or numerical studies. The first way is usually quite 
expensive, so the second one sometimes is a good option to understand the 
physical behaviour of actual structures. Lumped damage mechanics appears 
as one of the latest nonlinear theories and presents itself as an interesting 
alternative to analyse the mechanical behaviour of reinforced concrete 
structures. The lumped damage mechanic applies concepts of the classic 
fracture and damage mechanics in plastic hinges for nonlinear analysis of 
reinforced concrete structures. Therefore, this paper deals with a novel 
physical definition of the correction factor γ for cracking evolution that 
ensures the presented lumped damage model depicts accuracy when it is 
compared to experimental observations of reinforced concrete beams and 
arches. Based on such experiments, the numerical analysis showed that γ value 
has upper and lower thresholds, depending on the physical and geometric 
properties of the reinforced concrete element. Notwithstanding, for γ values 
inside of the proposed interval, there is a best value of γ. 
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einforced concrete structures are worldwide used. In order to understand the behaviour of reinforced concrete 
structures due to different loading conditions, several experimental researches were carried out during the last 
decades. For instance, Vecchio and Emara [1] analysed a reinforced concrete frame with monotonic and cyclic 
loads. Carpinteti et al. [2] studied the scale effect in concrete specimens under uniaxial compression. Marsavina et al. [3] 
measured the chloride penetration in concrete structures. Sharifi [4] studied the influence of self-consolidating concrete in 
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reinforced concrete beams. Caratelli et al. [5] and Abbas et al. [6] analysed the performance of precast tunnel segments 
actually built in Italy [5] and Canada [6]. Finally, Ruggiero et al. [7] carried out full scale explosion experiments in reinforced 
concrete slabs. 
Since experimental research is usually quite expensive, numerical studies are often feasible to understand the physical 
behaviour of actual structures. Among several possibilities, theory of plasticity, fracture and damage mechanics are usually 
chosen. Theory of plasticity is probably the most known nonlinear principle. In such theory the inelastic effects are 
quantified by plastic strains e.g. the nonlinear behaviour of the reinforced concrete slabs during the direct contact explosion 
were modelled by Ruggiero et al. [7] throughout the theory of plasticity coupled with a three-dimensional finite element 
analysis. Fracture mechanics [8] were developed in order to quantify the propagation of discrete cracks in continuum media. 
For instance, Shi et al. [9] analysed a plain concrete tunnel lining with tens of thousands of finite elements with a fracture 
model. Note that the numerical response [9] is quite close to the experimental one [10]. Damage mechanics [11] introduces 
a variable, called damage, which quantifies the micro-crack density for concrete-like materials or micro-voids for metallic 
ones. In such theory, these micro-cracks are not small enough to be neglected but not big enough to be considered as 
discrete cracks. Several damage models were proposed in literature [12-20]. Despite the accuracy of the plastic, damage and 
fracture models, due to the material complexity of reinforced concrete structures, such models are usually not suitable for 
practical applications. 
Alternatively, lumped damage mechanics (LDM) applies some key concepts of classic fracture and damage mechanics in 
plastic hinges. LDM was firstly formulated for reinforced concrete structures under seismic loads [21-23]. Afterwards, LDM 
was rapidly expanded for other reinforced concrete structures [24-32], as well as steel frames [33-36], plain concrete tunnel 
linings [37] and masonry arches [37-38]. Note that LDM models present objective solutions [39-41]. 
For reinforced concrete structures the damage variable quantifies the concrete cracking and the plastic rotation variable 
accounts for the reinforcement yielding. Such damage variable takes values between zero and one. Therefore, the generalised 
Griffith criterion is used as an energy balance to crack propagation i.e. damage evolution. The plastic rotation evolution is 
accounted for a kinematic plastic law. Note that the evolution laws for damage and plastic rotation on the referred papers 
[21-32] and the references therein varies due to the purpose of each study and the applications per se. 
Perdomo et al. [23] proposed evolution laws that the model parameters can be easily associated to classic reinforced concrete 
theory. Despite such model’s [23] accuracy for bearing load capacity of reinforced concrete structures, service loads are 
often not well estimated. As an attempt to present a simple calibration of this model, Alva and El Debs [27] proposed a 
correction factor that enhances the damage evolution law leading to solutions that are even more accurate. However, Alva 
and El Debs [27] do not present the physical meaning of such factor, which might be an issue to this model reach practical 
engineering applications. 
In the light of the foregoing, this paper aims to propose a novel understanding of the physical meaning of the correction 
factor presented by Alva and El Debs [27]. Therefore, such correction factor is widely analysed using some experiments in 
order to deepen knowledge on the model and facilitate its application in practical engineering problems. 
 
 
LUMPED DAMAGE MECHANICS 
 
Statics of circular arch elements 
onsider the structure depicted in Fig. 1a, which is composed by m circular arch elements connected by n nodes. 
External forces can be applied at each node, as illustrated for node j (Puj, Pwj and Pθj). Note that the first index of the 
applied force describes its direction and the second one the node e.g. Pwj is the force at the node j parallel to the Z-
axis. Generically, the applied loads are gathered in the matrix of external forces, given by: 
 
   1 1 1 ... ... ... Tu w ui wi i uj wj j un wn nP P P P P P P P P P P P   P   (1) 
 
where the superscript T means “transpose of”. 
Consider a circular arch element b between nodes i and j, as the one presented in Fig. 1. A circular arch element is defined 
by its arc angle (χb), a radius (Rb) and an angle between the Z-axis and z-axis (βb). Such element presents internal forces with 
respect to the global XZ system as depicted in Fig. 1b. Then, the matrix of internal forces is given as follows: 
 
   Tui wi i uj wj jb Q Q Q Q Q Q Q   (2) 
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where Qui is the internal force at the node i in the X-axis direction, Qwi is the internal force at the node i in the Z-axis 
direction and so on. 
Now, adopting the same notation proposed by Powell [42], another set of static variables is introduced (Fig. 1c) which are 
called as generalised stresses. Then, the matrix of generalised stresses gathers two bending moments at the edges of the 
element (Mi and Mj) and an axial force at the node i (Ni) i.e. 
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Figure 1: (a) Structure composed by circular arch finite elements, (b) internal forces and (c) generalised stresses. 
 
 
Regarding the equilibrium of the element, the internal forces and the generalised stresses can be expressed as [31]: 
 
     Tb b bQ B M   (4) 
 
where [B]b is the transformation matrix, given by: 
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Then, the equilibrium relation of the structure is given by: 
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Therefore, the equilibrium relation can be expressed as: 
 






P B M   (8) 
 
where [BE]b is the expanded transformation matrix, given in a similar way of {QE}b. 
 
Kinematics of circular arch elements 
Consider again the structure depicted in Fig. 1a, the node i presents two translations parallel to the global X- and Z-axes (ui 
and wi, respectively) and a rotation in the XZ plane (θi). Such translations and rotation are here called generalised 
displacements. Then, the generalised displacements of all nodes of the structure are gathered in the generalised 
displacements matrix, given by: 
 
   1 1 1 ... ... ... Ti i i j j j n n nu w u w u w u w   U   (9) 
 
Now, the generalised deformations are defined as conjugate quantities of the generalised stress i.e. i, j and δi are conjugated 
to Mi, Mj and Ni, respectively. Such quantities are gathered in the generalised deformations matrix: 
 
   Ti j ib   Φ   (10) 
 
Therefore, the mechanical power of the element is expressed as: 
 





         T T Eb bbb  Φ M U Q M    (11) 
 
Assuming small displacements and small deformations, the matrix of generalised deformations is given by: 
 
     Eb bΦ B U   (12) 
 
Elasticity of circular arch elements 
Consider an elastic circular arch element with its internal forces at edges in the local coordinate system as the one depicted 
in Fig. 2a. Thus, the strain energy of the element is expressed by: 
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where N(ψ) and M(ψ) are the normal force and bending moment for a cross section ψ, respectively, AE is the axial stiffness 
and EI is the flexural stiffness of the element. 
Note that N(ψ) and M(ψ) can be obtained by equilibrium (Fig. 2b): 
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Figure 2: Elastic circular arch element: (a) internal forces and (b) stresses at any cross section. 
 
where V(ψ) is the shear force for a cross section ψ. 
By applying Castigliano’s Theorem, the elastic generalised deformations are given by: 
 








i j i iie i
i i
e e b b b b
j j bbb
j i j j ije
i bi
b b b b
i i i j i i
U U UU
M M M NMM
M
U U U U
M
M M M M NM
N
U U U U




                                                                        
Φ F M   (15) 
 

















4sin 3 2 cos 3sin cos sin cos1 1
2 2sin sin
b b b
i j i ii
b b b
b
i j j ij
b b b
i i j i i
b b b b b b bb b b b




M M M NM
U U U
M M M NM
U U U
M N M N N
RU
M EI R AE
U
M M
        
 
   
 
    
 
   
    
 
   
       
















2sin sin cos sin cos1 1
2 2sin sin
5sin 5 cos cos 3 2 cos1
2 sin
sin sin cos cos1
2 sin
sin cos s1 1
2 2sin
b b b b b b b b
j b b b
b b b b b b b b bb
i i b
b b b b b b
b









      
 
       





   
 
    

 















sin cos sin cos1
2 sin
sin sin cos cos1
2 sin
3sin cos cos 2 3sin cos
sin
sin sin cos c
b b b
b b
b b b b b b bb
j i b
b b b b b b
b
b b b b b b b b bb
i b










     

     

       

    

   

 
   

    












  (16) 
 
Deformation equivalence hypothesis 
For the sake of simplicity, consider initially a uniaxial problem where a damaged straight bar is axially loaded. By definition, 
the damage variable ω represents the micro-cracks density [11]. Then, such bar resists to the axial force by means of the 
effective stress i.e. the Cauchy stress σ divided by (1 – ω). The following expression, named strain equivalence hypothesis 
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where E is the Young’s modulus, ε is the total strain and εp is the plastic strain. 
The previous relation can be rewritten as follows: 
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Therefore, by assuming the strain equivalence hypothesis the total strain can be expressed by a sum of three parts: elastic, 
damaged and plastic ones. Note that if ω = 0 then εd = 0; on the other hand, if ω tends to one, εd tends to infinity, which 
represents that the straight bar is now broken into two parts. 
Analogously, for a circular arch element the deformation equivalence hypothesis can be defined as: 
 
       e d pb b b b  Φ Φ Φ Φ   (19) 
 
being {Φe}b, {Φd}b and {Φp}b the elastic, damaged and plastic generalised deformations matrices, respectively. 
For the lumped damage framework, {Φd}b and {Φp}b describe the inelastic effects that are concentrated at two hinges at 
the edges of the element (Fig. 3). In this paper it is assumed that the plastic deformations account for the reinforcement 
yielding and the lumped damage variables represent the concrete cracking. 
Assuming that the plastic elongations at both hinges can be neglected [38], the plastic generalised deformation matrix is 
given by: 
 
   0 Tp p pi jb  Φ   (20) 
 
where ip and jp are the plastic relative rotations at the edges i and j of the element, respectively. 
The damaged generalised deformation matrix is expressed as: 
 





























Φ C M   (21) 
 
being [C(di,dj)]b the compliance matrix and di and dj the lumped damage variables at the hinges i and j, respectively. Note that 
if there is no damage at the element then [C(di,dj)]b is null; on the other hand, if the damage variables tend to one then the 
non-zero terms of [C(di,dj)]b tend to infinity, which represents that the inelastic hinges are close to perfectly hinges. 
Then, by substituting (15), (20) and (21) in (19), the constitutive relation is given by: 
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Figure 3: Elastic circular arch element with two inelastic hinges. 
 
 
Model reduction to straight elements 
A particular characteristic of the presented lumped damage model is that the circular arch element can degenerate to a 
straight element [37]. Therewith, if Rb tends to infinity then χb tends to zero, Rbsinχb tends to the length of the element Lb 
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Damage evolution law 
The complementary energy of the element is given by: 
 
         1 1 ,
2 2
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i jb b bb b
W d d     M Φ Φ M F M   (25) 
 
Since the lumped damage variable accounts for the concrete cracking, its evolution law is given by the generalised Griffith 
criterion for each hinge i.e. 
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where Gi and Gj are the damage driving moments for the hinges i and j, respectively, and Y(di) and Y(dj) are the cracking 
resistance functions. 
The cracking resistance function for a hinge i was obtained by means of experiments on reinforced concrete beams [23]: 
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being Y0 and q model parameters. 
In order to generalise the previous equation, Alva and El Debs [27] proposed the following relation: 
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where γ is an empiric parameter introduced as an attempt to ensure a better fitting between numerical and experimental 
responses for service loads. 
 
Plastic evolution law 
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being fi and fj the yield functions for the hinges i and j, respectively, and C and k0 model parameters. 
 
 
MODEL ASSOCIATION WITH REINFORCED CONCRETE THEORY  
 
n evident advantage of the lumped damage models for reinforced concrete structures is that the model parameters 
can be easily associated to the classic reinforced concrete theory. An engineer in practice knows how to calculate 
four key quantities for any reinforced concrete element: first cracking moment (Mr), ultimate moment (Mu), plastic 
moment (Mp) and ultimate plastic rotation (up) [43]. 
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Then, the parameter Y0 is defined as the first cracking resistance. 
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Note that the analysed cross section (hinge i) has a load bearing capacity, therefore the ultimate moment (Mu) is associated 
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where q and du are the unknown variables. 
Since the load bearing point (du, Mu) is the local maximum point of the moment-damage curve, another equation may be 
defined as: 
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Then, with Eqns. (31) and (32) the variables q and du can be calculated. Note that the parameter q is related to an additional 
cracking resistance due to the reinforcement. 
Analogously to the load bearing point, the plastic moment (Mp) is associated to the plastic damage (dp). Thus, dp is calculated 
by the generalised Griffith criterion i.e. 
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where k0 is defined as the effective plastic moment. 
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Cantilever beam [43] 
lórez-López et al. [43] presents the test of a cantilever reinforced concrete beam subject to a lateral concentrated 
load as illustrated in Fig. 4. The beam properties are shown in Tab. 1 and the yield and rupture tensions of the steel 
bars are 412 MPa and 520 MPa, respectively. The numerical analyses carried out in this example vary the value of γ. 
The comparison among experimental and numerical responses is shown in Fig. 5. 
 
Beam fc' (MPa) As A's h (cm) b (cm) 
1 26.0 3 Ø 12.5mm 3 Ø 12.5mm 20 20 
 
Table 1: Geometric and material proprieties of the beam [43] 
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Figure 5: Convergence of results to the experimental for the cantilever beam [43] 
 
For γ = 0, it may be noted that the results are very close to the experimental data, presenting good fitting for the three 
stages, reaching the rupture load. For γ ≠ 0, it can be observed that all analysis reached the rupture load acquired from 
experimental data. In cases where the range for γ values are lower than zero, the curves present a high stiffness at cracking 
concrete stage, not fitting well to the experimental result. On the other hand, for the range where γ values are higher than 
zero, there is a decrease in the stiffness response for elastic and cracking stages, but in tertiary stage the similarity with the 
experimental results is recovered. Furthermore, the Bending Moment vs Damage results are presented in Fig. 6. 
As shown in Fig. 6, the ultimate damage (du) for γ = 0 is near to 0.6. In comparison, for different γ values, it is noted that 
the damage variable is directly proportional to the coefficient γ. 
In the same way, seen in Fig. 6 when attributed γ equal to 10, leads to a physical divergence where it occurs damage growth 
in parallel bending moment decreases. This fact leads the conclusion that γ has a maximum limit. For this, it is necessary to 
obtain the moment equation that is done by equalling the damage driving moment (G) to cracking resistance function (Y). 
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Figure 6: Bending Moment vs. Damage response 
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The lower-limit for γ is obtained by the following criterion: 
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which leads to: 
 
lower    (39) 
 
Despite γlower, when γ values are negative occurs numerical instabilities in the analysis process, leading to values of ultimate 
damage and plastic damage tending to zero. Therefore, from now on, only positive values for γ are adopted in this paper. 
 
Meneghetti [44] 
A simply supported experimental beam under a four point bending test was carried out by Meneghetti et al. [44], which has 
as cross section dimensions 15 cm x 30 cm, total length 300 cm and distance between supports 285 cm. For the design due 
to bending were defined two longitudinal lower bars with 12.5 mm diameter, 317 cm total length and 10 cm anchorage at 
each edge; two longitudinal upper bars with 6.3 mm diameter, 297 cm total length. For the design due to shearing were 
calculated 42 stirrups with 6.3 mm diameter, 7 cm spacing, 90 cm total length and 6cm anchorage at each tip and the 
covering adopted was 15 mm (see Fig. 7). Results of strength limits, 6.3 mm steel bars acquired the followed magnitude 
tensions, 508 MPa and 713 MPa, yield and rupture, respectively. 12.5 mm bars acquired yield tension value 578 MPa and 
 




806 MPa in rupture. The concrete used achieved average values of 41.4 MPa in the experiments of compressive strength 




Figure 7: Geometry and typical reinforcement arrangement [44] 
 
Fig. 8 shows a sequence of curves with increasing coefficient γ in comparison to the experimental curve. As the coefficient 
increases it is noticed the numerical model convergence to the experimental loading-displacement curve in this example. 
Alva [45] suggests that each structure analysed has its optimum coefficient (γopt), which might be acquired through repeatedly 
iterations in a programming routine. The choice of γ parameter aim the best numerical fitting to the experimental response. 
The comparison between the force-displacement curve of the theoretical model and the experimental curve indicates that 
the lumped damage model is able to approximately reproduce the nonlinear behaviour of the structure, both in the cantilever 
beam (previous example) and in the current one, which deals with a four-point bending test. It is important to emphasise 
that all parameters from the numerical model were calculated based on average values of strength and deformability for the 




Figure 8: Convergence of results to the experimental beam [44] 
 
Yasser Sharifi Beams [4] 
Sharifi [4] studied the influence of self-consolidating concrete in reinforced concrete beams. For this, a series of experiments 
in beams, with different reinforcement ratios, were executed, tested under four points bending test. The typical geometry 
of the beams and its typical arrangement of reinforcement are shown in Fig. 9. The properties of the beams analysed are 






















Figure 9: Geometry and typical reinforcement arrangement of the beams [4]. 
 
 
Beam fc' (MPa) As A's d (mm) d' (mm) 
B1 31.6 2 Ø 14 2 Ø 14 258 42 
B2 28.84 2 Ø 18 + 2 Ø 16 + 2 Ø 14 2 Ø 14 + 2 Ø 18 256 43 
B3 29.53 2 Ø 22 2 Ø 14 + 2 Ø 25 254 45 
 
Table 2: Geometric and material proprieties of the Sharifi’s beams [4]. 
 
For the specimen B1 it was observed that all analyses had good approximation with the experimental results for the three 




Figure 10: Convergence of results to the experimental beam B1 [4] 
 
Furthermore, all curves present closer results to the experimental curve at primary stage, but for higher values of γ, the 
























Figure 11: Convergence of results to the experimental B2 [4] 
 
It may be noticed by the experimental data that this beam has a higher stiffness. Thus, γ = 0 provides better results. 
Moreover, the results obtained by using γ ≠ 0, due to their lower inclination, reaches the collapse load only for higher values 
of displacement, not fitting well for the three stages. 
For B3, with results of load-midspan displacement, presented in Fig. 12, can be observed a less-rigid behaviour. Therefore, 




Figure 12: Load-Displacement curve B3 [4] 
 
Brennero Base segment tunnel [5] 
Aiming to analyse the performance of a precast tunnel, Caratelli et al. [5] carried out a full-scale test of a tunnel segment. In 
its totality, the tunnel has 55 km long, with external diameter equal to 6 meters and total circumference length equal to 19 m. 
The diameter was divided in 6 segments, where only one was experimentally tested under three points bending, getting the 
midspan displacement. The set-up of the test is shown in Fig. 13 and its orthogonal view is shown in Fig. 14, where “t” is 
the thickness and “L” is the length between hinge supports. 
 
 










Figure 14: View of the segment of tunnel, in meters 
 
The considered segment thickness is equal to 200 mm, the length between hinge supports and the width are equal to 204 cm 
and 150 cm, respectively. Its average cubic compressive strength of concrete reached 50 MPa and the yielding strength of 
the longitudinal reinforcement is 450 MPa. The reinforced is composed with 8 mm rebars, spaced of 20 cm and with open 





















Figure 16: Convergence of results to the experimental of Brennero Base segment tunnel [5] 
 
It can be observed that the results of all analysis were close one another, losing the similarity in the second stage. However, 
for γ equal to 4, the curve was closer to the experimental data than the others. Furthermore, for all models, the collapse load 
was bigger than the experimental results, increasing safety. 
 
Canada underground tunnel [6] 
Abbas et al. [6], aiming to study the behaviour of a precast concrete tunnel lining, had modelled a full-scale arc segment 
from a subway extension tunnel in Canada. For this, they had executed a flexural monotonic and cyclic load test. The arch 
had distance between supports, width and thickness equal to 300 cm, 150 cm and 235 mm, respectively. The compressive 
concrete strength equal to 60 MPa and yielding strength of reinforcement equal to 450 MPa. The reinforcement arrangement 

































The experimental test took place similarly to Brennero Base segment tunnel [5], tested under three points bending, as shown 
in Fig. 13, and results for the mid-span displacement. The results of the experimental test and the models analysed are 
presented in Fig. 18. 
 
 
Figure 18: Convergence of results to the experimental of Canada underground tunnel [6] 
 
Note that, the precast segment tunnel was less rigid than Brennero Base segment tunnel [5], so γ > 0 gives better 
approximation for the results in the curve Load-Displacement. Furthermore, it is shown in Fig. 16, that the results for  
γ = 0 lost the similarity on cracking and ultimate stages. However, for γ > 0, this similarity is approximate for higher values 
of γ, in especial for γ equal to 4, the results are closer than the others. Furthermore, all models could reach to the collapse 
load, for similar displacements. 
Concerning the experimental responses of tunnel lining segments tested by Caratelli et al. [5] and Abbas et al. [6], there are 
several differences in both set-ups. Note that the geometry of the test is quite different, where the span, thickness and the 
arc radius of both specimens are 2.04 m, 20.0 cm and 5.90 m [5] and 3.00 m, 23.5 cm and 2.40 m [6], respectively. Such 
characteristics imply that the tunnel segment tested by Abbas et al. [6] is approximately 2.56 times more flexible than the 





his work intended to present a physical meaning for the empiric coefficient proposed by Alva and El Debs [27], 
which was analysed from comparisons with experiments obtained in the literature. 
Even though it is not observed by Alva and El Debs [27], that the proposed model presents limitations of range for 
the γ value model, once adopting negative values, the plastic and ultimate damage tend to null values, which does not have 
physical significance. While, for positive values of γ, when analysing the moment-damage curve, it is observed that, for very 
high values of γ, the curve does not represent the actual structural behaviour, i.e., for the increase in the value of the damage, 
the bending moment presents a decreasing rate. The maximum value of γ varies according the structural flexibility, first 
cracking moment, the increase in strength of the structure due to longitudinal reinforcement and the ultimate bending 
moment.  
Applying γ = 0 and γ ≠ 0 approaches to the experiments, a good approximation of both for the experimental results was 
observed. However, cases which the structures were more rigid, the first model (γ = 0) achieved better results in primary 
and secondary stages, reaching good stiffness results, while for less rigid structures the second model (γ ≠ 0) presented 
better approximations for higher values of γ. 
For the analysed experiments, γ = 0 presents better solutions for the cantilever beam [43], the first and the second beams 
presented by Sharifi [4] and the tunnel lining segment tested by Caratelli et al. [5]. On the other hand, better numerical 
solutions are obtained with γ = 10 for the beam tested by Meneghetti et al. [44], γ = 3 for the third beam presented by 
Sharifi [4] and γ = 4 for the tunnel lining segment tested by Abbas et al. [6]. 
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Furthermore, both models reached the collapse load for all examples; however, for the cases where the values of γ were 
higher, also higher values of deformation were needed to reach the maximum load. 
It is recommended for future works to make modifications to the cracking strength equation, in order to obtain results that 
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